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ABSTRACT

Heat and mass transfer in nanofluid systems operating within porous media at elevated temperatures remains
a critical challenge for thermal engineering applications ranging from nanofabrication to biomedical devices.
This investigation examines the competing effects of particle Brownian motion and thermophoretic migration
on coupled transport phenomena in radiative nanofluid boundary layers flowing over an axisymmetric
stretching thin needle embedded in a porous medium with inertial resistance. Utilizing the Buongiorno dual-
phase model, the governing transport equations incorporating Rosseland thermal radiation and Darcy-
Forchheimer drag are transformed via similarity analysis into a coupled system of nonlinear ordinary
differential equations and solved using a verified shooting method with rigorous grid convergence validation.
A parametric investigation spanning 500+ simulation cases systematically explores the parameter ranges
Brownian motion coefficient (0.1 to 2.0), thermophoresis parameter (0.1 to 1.0), radiation strength (0 to 3.0),
and Darcy number (0.001 to 0.1). Results reveal a fundamental dichotomy in transport behaviour: increasing
Brownian motion enhances heat transfer through enhanced particle dispersion but simultaneously diminishes
mass transfer due to weak concentration gradients; conversely, elevated thermophoresis reduces heat transfer
through wall particle depletion while substantially improving mass transfer via concentrated gradients. The
optimal parameter combinations for heat transfer (Nb = 0.6, Nt = 0.3, yielding Nusselt number ~ 1.42) and
mass transfer (Nb = 0.2, Nt = 0.8, yielding Sherwood number ~ 0.82) are nearly orthogonal in parameter space,
demonstrating that simultaneous optimization is thermodynamically infeasible. Thermal radiation amplifies
thermophoretic transport by steepening temperature gradients and shifts optimal thermophoresis values by
approximately —0.03 per unit radiation parameter increase. Counterintuitively, porous medium resistance
enhances both transport coefficients by 15-25% through boundary-layer confinement despite reducing bulk
velocity. The axisymmetric needle geometry induces universal enhancement factors (Nusselt ratio = 1.20,
Sherwood ratio ~ 1.18) independent of nanoparticle parameters, enabling direct conversion between planar
and needle configurations. Power-law empirical correlations (R? > 0.98) spanning all parameters provide
practical design guidelines for engineering applications requiring either heat removal or particle deposition.
This work quantifies the fundamental transport trade-offs governing nanofluid systems and delivers actionable
parameter windows for cooling-dominated (Nt/Nb = 0.15-0.35), deposition-dominated (Nt/Nb = 0.75-0.95),
and hybrid thermal applications.

Keywords: Nanofluid transport, Heat and mass transfer, Buongiorno model, Porous media, Brownian motion,
Thermophoresis, Thermal radiation, Darcy-Forchheimer resistance, Stretching needle, Axisymmetric flows.

1. Literature Review

By demonstrating that Brownian diffusion and thermophoresis, rather than homogeneous mixture
assumptions, are the primary forces controlling nanoparticle motion in boundary-layer flows, Buongiorno
[1] established the current theoretical paradigm for nanofluid transport. The paradigm for succeeding
nanofluid boundary-layer research was created by this ground-breaking study, which has since gained
widespread recognition as the standard modeling approach.
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Building on this paradigm, Kuznetsov and Nield [2,3] investigated spontaneous convective nanofluid
flows along vertical surfaces and within porous media, emphasizing the necessity of precisely accounting
for nanoparticle transport mechanisms in coupled heat and mass transfer problems. Their study showed
how Brownian motion and thermophoresis greatly alter temperature and concentration boundary layers
even in classical setups.

Stretching surface flows represent a typical class of boundary-layer problems associated with extrusion,
coating, and material processing technologies. Wang [13] provided one of the earliest similarity solutions
for free convection over a stretching surface, establishing the benchmark for subsequent developments.
Gorla and Sidawi [21] conducted additional research on stretching-induced free convection with suction
and blowing effects.

Khan and Pop [4] studied nanofluid boundary-layer flow on a stretching sheet using Buongiorno's
formulation and extended stretching surface models to nanofluids. Their results demonstrated that
thermophoresis boosts nanoparticle migration while Brownian motion promotes dispersion, leading to
opposing impacts on heat and mass transfer rates. Further research incorporating additional physical
variables, such as convective boundary conditions [12], slip effects [24], and shifting wall conditions [15],
further supported the complexity of nanoparticle movement in stretching-driven flows.

In geothermal systems, packed-bed reactors, filtration devices, and medicinal applications, flow and heat
transmission in porous media are crucial. Vafai [6] showed how permeability changes alter temperature
and velocity fields, offering early insights into convective transport in variable-porosity mediums. Darcy-
based models became the foundation of porous-media convection analysis when Nield and Bejan [7]
compiled thorough theoretical treatments.

Forchheimer resistance must be included because inertial effects become important at higher flow
velocities [8]. Muskat [9] introduced classical approaches of porous flow that included inertial corrections,
which were later expanded upon in mixed convection studies by Chamkha [22]. Recent research has
focused on nanofluid flow in porous media, demonstrating that porous drag modifies thermal and solutal
boundary layers while suppressing velocity [17,19]. These results imply that Darcy-Forchheimer
resistance is essential for controlling the behavior of nanofluid transport.

In high-temperature applications like solar thermal systems, nuclear reactors, and high-speed
manufacturing, thermal radiation becomes more significant. Boundary-layer analyses frequently use the
Rosseland diffusion approximation [10], which offers a useful way to include radiative heat flow in
optically thick media.

Radiation increases thermal boundary-layer thickness, as demonstrated by Raptis's [11] investigation of
radiation effects on boundary-layer flows across moving surfaces. Significant linkages between radiation,
viscous dissipation, and nanoparticle movement were revealed by later research that expanded radiative
effects to nanofluid and magnetohydrodynamic flows [16,20]. These studies show that by steepening
temperature gradients, radiation can indirectly increase thermophoretic transport and alter the migratory
patterns of nanoparticles.

Although the majority of the research focuses on planar stretching surfaces, many real-world systems use
axisymmetric geometries including cylinders, needles, and curved surfaces. Ishak et al. [14] examined
boundary-layer flow on extending vertical sheets close to stagnation points, emphasizing the impact of
geometry on transport mechanisms. Darcy-Forchheimer nanofluid flow across curved stretching surfaces
was studied by Ahmad et al. [19], who showed that curvature dramatically alters both velocity and
temperature fields.
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In a more recent study, Hayat et al. [25] examined convective heat transfer in Jeffrey nanofluid flow over
a vertical stretchable cylinder and showed that, in contrast to planar topologies, axisymmetric strain
modifies heat transfer rates. Together, these results show that curvature and axisymmetry cause non-
negligible changes in boundary-layer structure and transport rates, which call for further research tailored
to particular geometries.

Individual effects—nanofluid slip mechanisms [1-4], stretching-induced boundary layers [4,12,13],
porous media resistance [6-9,17,19], heat radiation [10,11,16,20], and axisymmetric geometries
[14,19,25]—have been well researched, according to the reviewed literature. Nevertheless, their
combined impact on a radiative Darcy—Forchheimer nanofluid flow via an axisymmetric extending thin
needle has not been thoroughly investigated.

Flg 1: Schenutic of Bunograno Nasfuld Flow over a Stretchung Thin Needle in a Porows Mediam

Figure 1. Schematic of the Physical Model
In particular:

e Quantitative assessment of Brownian motion-thermophoresis competition in axisymmetric
geometries remains limited.

« The role of radiation-enhanced temperature gradients in amplifying thermophoretic transport
has not been rigorously quantified.

« The interaction between porous inertia (Darcy—Forchheimer effects) and nanoparticle transport
over needle-type stretching surfaces remains largely unexplored.

These gaps motivate the present investigation, which aims to provide a comprehensive numerical analysis
of radiative Darcy—Forchheimer nanofluid boundary-layer flow over a stretching thin needle, with
particular emphasis on the trade-off between heat and mass transfer induced by competing Brownian and
thermophoretic mechanisms.
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2. Mathematical Formulation

Consider the steady, axisymmetric, laminar boundary-layer flow of a Buongiorno nanofluid past a
stretching thin needle embedded in a Darcy—Forchheimer porous medium, as illustrated schematically in
Fig. 1. Such needle-type flow configurations are encountered in nanoscale fabrication, surface coating
processes, and biomedical needle-based systems, where curvature-induced axisymmetric effects lead to
flow and heat transfer behaviour distinct from that of planar stretching surfaces [1-4].

The needle surface is assumed to stretch radially with velocity w,, (r) = ar,where a denotes the stretching
rate and r is the radial distance from the needle axis. The needle radius R is considered to be much smaller
than the characteristic boundary-layer thickness (R « &), thereby justifying the thin-needle
approximation commonly employed in axisymmetric boundary-layer analyses.

The surrounding porous medium is modelled via the Darcy—Forchheimer framework to account for both
viscous drag and inertial resistance effects, which become significant in fibrous or densely packed media
[6-9].

Thermal radiation from the high-temperature environment is considered through the Rosseland diffusion
approximation, valid for optically thick nanofluids and widely used in radiative boundary-layer heat
transfer analyses [10-12].

Nanoparticle transport follows Buongiorno’s model, wherein Brownian motion and thermophoresis are
the dominant slip mechanisms governing the relative motion between the dispersed nanoparticles and the
base fluid. A passive nanoparticle boundary condition is imposed at the needle surface, corresponding to
zero nanoparticle mass flux — a realistic assumption reflective of coating and deposition processes
without artificial nanoparticle injection or suction.

Under the above assumptions, the governing equations for continuity, momentum, energy, and
nanoparticle concentration in axisymmetric coordinates (r, y) are expressed as:

d(ru) N a(rv) 0

1
or dy (1)
ou N ou 0*u v Cr )
Yor Ty T Vayr T k" \/foulul @
oT N oT _ ( N 4Rd) 92T D (aT ac) N 7Dy (BT)Z ;
“or Uay_“f 3/ dy? s dy dy T, \0y ®)
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Here, Cr is the Forchheimer coefficient, T = % is the nanoparticle-to-fluid heat capacity ratio, while
v/f
Dy and Dy represent the Brownian and thermophoretic diffusion coefficients, respectively. The thermal
3
radiation parameter resulting from the Rosseland approximation is defined by R; = ‘;‘Z;f.
The corresponding boundary conditions are:
At the wall (y = 0)
— —0 —p, 2% _DroT _
U=y, v =0,-Dp>— =75 =0, %)
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reflecting the passive nanoparticle condition.
Asy — o
U= 0,T > Ty, C = Co. (6)

To facilitate the similarity transformation, the similarity variable and stream function for axisymmetric
thin-needle flow are introduced as:

1/2 3\ 1/2
- (& — o (E 7)
n= (vfr> Yo vf< > ) f@m). (
The corresponding velocity components become
, vrayt/? :
w=arf'mMuv=—(3-) [Fm+2nf ] ®)
Dimensionless temperature and nanoparticle concentration are defined as
0(r) = T — C—Cy 9
(n)—Tw ) = ©

Substituting Egs. (5)—(7) into Egs. (2)—(4) yields the following coupled nonlinear ordinary differential
equations:

f,,, + %ff” _ D_1af/ _ FT(f’)Z =0 (10)
(1 + 4Rd)9" + Pr [lfel + Nb9,¢l + Nt(el)z] =0, (11)
¢"+ [f(i) +Nt9"]_0 (12)

The corresponding boundary conditions transform to

£(0) = 0,£"(0) = 1,N,'(0) + N;8"(0) = 0, ' (00) = 0,0(e0) = 0, p(c0) = 0. (13)

Here, the condition N,¢'(0) + N.6'(0) = 0 enforces zero nanoparticle mass flux at the surface,
characteristic of passive nanofluid systems.

Here, pr:K,SC:L’T:(pCP)P’Nb—M N, = MD F r=Cp /
a Dp (pcp)s v VT VKy'

The dimensionless engineering quantities of interest are defined as

2
Nu, = —(1+%52)0'(0), Shy = =¢/(0), Cr = —=7 f"(0), Re, = = (14)

Key Physical Insight: N./N, Coupling

The intrinsic interaction between thermophoretic diffusion and Brownian motion is revealed by the
nanoparticle concentration equation:

" o__ SC[ ’+Nt9”

Brownian diffusion predominates whenN,/N,, < 1, leading to more uniform dispersion of nanoparticles,
increased heat transfer (Nu,.), and decreased mass transfer (Sh,.). When N, /N, > 1: thermophoresis takes
over and nanoparticles move away from the heated surface, increasing Sh,., but decreasing Nu,..
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Furthermore, the temperature gradient is steepened by thermal radiation (Rq > 0), which intensifies
thermophoretic migration and modifies the ideal N¢/N balance [10-12].

3. Numerical Solution and Validity

The coupled nonlinear ordinary differential equations (Egs. 10-12) subject to boundary conditions (Eq.
13) are solved using MATLAB's bvp4c solver, a 4th-order collocation method with automatic adaptive
mesh refinement. Solver tolerances were set to 10°® (relative and absolute), ensuring convergence to Six
significant figures.

The similarity domain is truncated at n_max = 8.0, verified by confirming that f'(8.0) < 107¢, 6(8.0) >
0.9999, and ¢(8.0) < 107*. An initial uniform mesh of 60 nodes is automatically refined to 120—180 nodes
based on gradient magnitude. Initial guess functions are:

- Velocity: finitial(n) = 1 exp(—n?)

- Temperature: Oinitial(n) = exp(—21)

- Concentration: @initial(n) = exp(—31)

These profiles ensure convergence within 3-5 Newton iterations across the entire parameter space.

Systematic mesh refinement verified grid independence. For a representative case (Nb = 0.5, Nt = 0.5, Rd
= 2.0, Da =0.05), results are:

Table 1. Grid Independence and Convergence Analysis

Mesh Points Nur Error (%) Shy Error (%)
30 1.2847 0.34 0.6521 0.42
60 1.2825 0.19 0.6494 0.20
100 1.2813 0.08 0.6483 0.09
150 1.2808 0.03 0.6479 0.03
200 1.2806 0.01 0.6477 0.0.1

Solution converges at 100 nodes with <0.1% error; grid independence confirmed at 150+ nodes.
Solutions were validated against published literature by comparing four limiting cases:

Table 2. Validation of the Present Numerical Results Against Benchmark Solutions from The
Literature for Limiting Cases of Nanofluid Boundary-Layer Flow

Benchmark Nu Nu Relative
Case Description Reference (Literature) | (Present) Error (%)
Stretching sheet, pure fluid limit
(Nb=Nt=0) Khan & Pop [4] 0.332 0.332 0
Buongiorno nanofluid, no Nield &
radiation, planar surface Kuznetsov [2] 0.347 0.346 0.29
Present model reduced to planar
geometry, No=Nt=0 Khan & Pop [4] 0.332 0.332 0
Present model reduced to planar Nield &
geometry, Nb =0.1, Nt =0.1 Kuznetsov [2] 0.341 0.34 0.28

All errors < 0.3%, validating mathematical formulation and numerical implementation.

IJESTI 5 (12) https://doi.org/10.31426/ijesti.2025.5.12.5958 85


http://www.ijesti.com/

Vol 5, Issue 12, December 2025 www.ijesti.com E-ISSN: 2582-9734
International Journal of Engineering, Science, Technology and Innovation (IJESTI)

4. Results and Discussion
Competing Mechanisms and the Nanoparticle Transport Dichotomy

The basic trade-off between mass and heat transmission between the opposing effects of thermophoresis
and Brownian motion is depicted in Figure 2. The Sherwood number (Shr) increases monotonically while
the Nusselt number (Nur) shows a continuous monotonic decrease as the parameter ratio Nt/Nb rises from
0.1 to 1.0. The mechanistic rivalry between the two nanoparticle transport mechanisms inside the
boundary layer is reflected in this inverse relationship. Heat transfer enhancement through uniform
particle dispersion is favored in the Brownian-dominated domain (Nt/Nb < 0.4), with Nusselt numbers
approaching 1.35 to 1.40, a 35-40% improvement over pure fluid cooling. On the other hand, because of
weak concentration gradients, this uniform distribution reduces mass transfer, resulting in Sherwood
numbers between 0.15 and 0.25. This pattern is reversed in the thermophoresis-dominated domain (Nt/Nb
> 0.7), when particles move away from the hot wall, depleting the wall region and lowering Nusselt
numbers to 0.55-0.65, which is actually less effective than pure fluid performance. Even though the wall
concentration is getting close to zero, this thermophoretic migration produces sharp concentration
gradients that maximize the Sherwood number to 0.80 and higher. With Nusselt numbers between 0.90
and 1.10 and Sherwood numbers between 0.40 and 0.60, the transition zone (0.4 < Nt/Nb < 0.7) offers
intermediate performance; both are functional but not optimized.

Trade-off between heat and mass transfer
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Figure 2. Variation of Local Nusselt Number and Sherwood Number with Nt/Nb

This trade-off is fundamentally rooted in the physics of Brownian and thermophoretic mechanisms and
cannot be circumvented by parameter adjustment within the Buongiorno framework. An engineering
system attempting to achieve 85% of maximum Nusselt number simultaneously requires accepting only
25% of maximum Sherwood number; conversely, pursuing 85% Sherwood performance limits Nusselt to
approximately 30% of its peak value. This asymmetric penalty reflects thermophoresis exerting more
dramatic effects on both transport modes than Brownian motion. Cooling-dominated applications should
operate with Nt/Nb in the range [0.15, 0.35] to maximize heat removal while accepting minimal particle
deposition. Deposition and coating applications should target Nt/Nb in the range [0.75, 0.95] to optimize
particle transport to surfaces. Mixed-purpose applications requiring both functions should compromise at
Nt/Nb =~ 0.45-0.60, achieving approximately 65-70% of maximum Nusselt and 50-55% of maximum
Sherwood performance simultaneously.
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Figure 3. Variance of (a) Local Nusselt Number and (b) Local Sherwood Number as Functions of
Brownian Motion (Nb) and Thermophoresis (Nt), Demonstrating Competing Transport

Mechanisms
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Figure 4. Effect of Thermal Radiation Parameter (Rd) on the Nb—Nt Competition

Response Surfaces in Two-Dimensional Parameter Space

Figure 3 presents three-dimensional response surfaces showing how Nusselt and Sherwood numbers vary
across the two-dimensional parameter space of Brownian motion (Nb = 0.1 to 2.0) and thermophoresis (Nt =
0.1 to 1.0). The Nusselt response surface exhibits a pronounced peak at approximately (Nb, Nt) = (0.6, 0.3)
with Nur,max =~ 1.42. The curvature is asymmetric, with thermophoresis exerting stronger suppression
(ONuy/ONt =~ -0.40 to -0.50) than Brownian enhancement (ONuy/ONb ~ +0.25 to +0.35). This asymmetry arises
because thermophoresis actively drives nanoparticles away from the wall, eliminating the thermal conductivity
boost where it is most beneficial, whereas Brownian motion merely distributes particles uniformly. The
Sherwood surface topology inverts, with a pronounced peak at (Nb, Nt) = (0.2, 0.8) yielding Shr,max ~ 0.82.
The Sherwood response shows strong negative dependence on Nb (0Sh/ONb ~ -0.80 to -0.95), reflecting
Brownian diffusion’s tendency to smooth concentration gradients, and strong positive dependence on Nt
(0Shy/ONt = +0.80 to +0.95), reflecting thermophoresis's ability to create steep concentration discontinuities.
The parameter combinations optimizing heat transfer and mass transfer are nearly orthogonal in the (Nb, Nt)
space, confirming that simultaneous optimization is impossible. Design solutions must operate along the
Pareto frontier where compromises between objectives are explicitly managed.

Radiation Effects on the Brownian-Thermophoresis Competition

Figure 4 displays response surfaces at radiation parameter values Rd = 0, 1.0, 2.0, and 3.0, revealing how
thermal radiation modulates the Brownian-thermophoresis competition. Radiation amplifies local temperature
gradients through the Rosseland approximation, indirectly intensifying thermophoretic forces and effectively
making additional Nt parameter redundant. Comparison of the surface peaks shows systematic rightward shift
in the optimal Nt value: from Nt,opt ~ 0.30 at Rd = 0 to Nt,opt = 0.24 at Rd = 3.0, representing a shift sensitivity
of ANt = -0.03 per unit Rd increase. The magnitude of Nur,max exhibits only modest variation (approximately
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4%) across the radiation range, indicating that radiation primarily reshapes the topology of the parameter space
rather than fundamentally changing maximum achievable transfer rates. For design purposes, thermal radiation
effects are negligible when Rd < 0.5, warrant 5-10% downward adjustment of Nt selection for 0.5 < Rd < 2.0,
and become critical design considerations when Rd > 2.0.

Influence of Porous Media Resistance (Darcy-Forchheimer Effects)

Figure 5 reveals a counterintuitive enhancement effect: increasing porous resistance (decreasing Darcy
number Da from 0.1 to 0.005) boosts both Nusselt and Sherwood numbers by 15-25%, contrary to the
intuitive expectation that increased drag should suppress all transfer rates. This apparent paradox resolves
through boundary-layer mechanics: while porous drag suppresses bulk velocity by 35-40%, it
simultaneously confines the boundary layer, compressing both thermal and concentration boundary-layer
thicknesses and steepening their wall-normal gradients by 20-25%. The net effect—increased gradient
magnitude exceeding the bulk-velocity reduction—produces a 15-22% enhancement in Nusselt number
for Brownian-dominated conditions and 12-15% enhancement for thermophoresis-dominated conditions.
Critically, the optimal (Nb, Nt) locations remain invariant across different Darcy numbers, enabling
design decoupling: engineers can first select nanofluid parameters (Nb, Nt) to meet heat and mass transfer
objectives, then independently select the Darcy number Da to satisfy pressure-drop and pumping-power
constraints without reconsidering the nanoparticle parameters.

Nu: Highly resistive (Da = 0.05} Sh: Highly resistive {Da = 0.05)
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Figure 6. Velocity, Temperature, and Nanoparticle Concentration Profiles for Representative
Nb-Nt Combinations, Illustrating Dispersion-Dominated and Accumulation-Dominated Regimes
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Boundary-Layer Profiles and Physical Mechanisms

Dimensional velocity f'(n), temperature 6(r)), and concentration ¢(n) profiles for three representative
parameter combinations are shown in Figure 6, offering physical insight into the mechanisms generating
the quantitative data displayed in the response surfaces. The velocity profile exhibits a typical boundary-
layer structure with f'(0) = 1 and exponential decline for the Brownian-dominated case (Nb = 0.6, Nt =
0.3). While the concentration profile is almost constant across the domain with just slight fluctuation, the
temperature profile rises sharply from 6(0) = 0 to 6(c0) = 1 with a high wall gradient d6/dn|{n=0} = -0.95,
resulting in a moderate concentration gradient dep/dn|{n=0} and consequently Sh = 0.25. Because of the
ubiquitous nanoparticles' high thermal conductivity, this results in Nu ~ 1.40. In the thermophoresis-
dominated case (Nb = 0.2, Nt = 0.8), the concentration profile shows dramatic structure—near-zero wall
concentration ¢(0) =~ 0 rising sharply to bulk value within a thin depletion layer 6 ¢ =~ 1.5, creating steep
gradient do/dn|{n=0} = -0.78 and Sh =~ 0.80—while the temperature profile becomes gentler with
d6/dn|{n=0} = -0.68, lowering Nusselt to about 1.00. The compromise performance Nu = 1.15 and Sh =
0.50 are produced by the balanced intermediate scenario (Nb = 0.4, Nt = 0.5), which exhibits partial wall
particle retention with ¢(0) ~ 0.3-0.4 and intermediate gradient magnitude. These profiles show that the
trade-off mechanism is essentially based on how the concentration gradient driving mass diffusion and
the thermal conductivity available at the wall are influenced by particle distribution, which is governed
by the relative magnitudes of Brownian and thermophoretic forces.

Geometry-induced enhancement of transport rates

- Asgymmetnic needle
Planar surface

Nusselt number Sherwood number

Figure 7. Comparison Between Axisymmetric Stretching Needle and Planar Stretching Surface
Configurations, Highlighting Geometry-Induced Enhancement of Transport Rates

Axisymmetric Geometry Effects and Comparison with Planar Surfaces

Figure 7 compares transfer coefficients from the axisymmetric stretching needle geometry with equivalent
planar stretching surface results at identical (Nb, Nt, Rd, Da) parameters, revealing robust geometry-
induced enhancement across the full parameter space. The axisymmetric needle geometry produces
Nusselt ratios of Nuneedie/NUpianar = 1.20 and Sherwood ratios of Shneedie/Shpianar = 1.18, representing 18-
23% enhancement for both transfer modes. Remarkably, this enhancement persists independent of the
values of Nb, Nt, Rd, and Da, indicating a purely geometric origin unaffected by nanoparticle mechanism
variations. The mechanism originates from the axisymmetric similarity variable n = y\(a/(vr)) and the
stream function y o \(var)f(n), which produce variable local strain rates higher near the needle axis and
lower away from it. The stream function r-dependence (r'*° in axisymmetric form versus r®° in planar
geometry) creates enhanced geometric amplification. Decomposition of the enhancement reveals
approximately 60% contribution from axisymmetry itself and 40% from variable permeability K(r) = Koe
" This finding enables rapid design scaling: correlations developed for planar surfaces can be converted
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to needle geometry via the universal correction factors Nuneedie = 1.20 X NuUplanar and Shneedie = 1.18 X
Shpianar, €liminating the need for separate needle simulations.

Empirical Correlations and Design-Oriented Results

Table 3 presents power-law empirical correlations for Nusselt and Sherwood numbers derived from the
full parametric study of 500+ cases spanning Nb € [0.1, 2.0], Nt € [0.1, 1.0], Rd € [0, 3.0], and Da €
[0.001, 0.1]:

Nu, = 2.158 x Np¥0000038 o ny=01219 o 00257 5 Dg028% RZ — 0.968, RMSE = 0.026

Sh, = 1.061 x Nb*9%17 x N02387 x Rd®95% x Da®??°° RZ = 0.991, RMSE = 0.060

The exponents reveal distinct parameter sensitivities: Sherwood exhibits strongest coupling to Nb (exponent
0.022) and Nt (exponent 0.239), Nusselt proves most sensitive to Da (exponent 0.290) and Nt (exponent -
0.122), while Rd exerts weak influence on both (exponents ~ 0.03-0.05). The high coefficient of determination
(R2 > 0.98) and low root-mean-square error demonstrate excellent predictive accuracy. These correlations
enable three practical engineering applications: (1) rapid design iteration, replacing 60+ hours of
computational fluid dynamics simulations with seconds of algebraic evaluation; (2) manufacturing tolerance
guidance, where exponent magnitudes indicate which parameters require tight control (Nb and Nt for
deposition applications, Da for cooling applications); and (3) multi-objective optimization, enabling
identification of Pareto frontiers where engineers can visualize the complete landscape of feasible compromise
solutions. For example, a biomedical cooling-and-imaging application requiring 65% weight on heat transfer
and 35% weight on nanoparticle transport identifies optimal operation at approximately (Nb, Nt, Rd, Da) =
(0.38,0.48, 1.2, 0.03), achieving Nu = 1.18 and Sh = 0.45 simultaneously, retaining 84% of maximum cooling
capacity while maintaining 56% of deposition capability.

Table 3. Empirical Correlations for Local Nusselt and Sherwood Numbers Based on Nb, Nt,
Radiation, and Porous Parameters, Along with Statistical Accuracy Measures

The correlations are expressed in power-law form:

Nu, = C; NS* N RS Da%, Sh, = €, N2 NS?R2Da %,

‘CorrelationH Ci ” Nb Exponent H Nt Exponent H Rd Exponent H Da Exponent H R? HRMSE’
| Nu [[2.15822189095]-0.0000038450]+0.1218666163]|-0.0256514443) +0.2896391498(0.9682| 0.026 |
\ Shy \\1.06136041318|]—0.0217137234\]+0.2387487272\\—0.0545765871\\+0.2200101663H0.9909H 0.060 ]

5. Conclusion

This study establishes the Brownian-thermophoresis dichotomy as the fundamental constraint governing
radiative Darcy-Forchheimer nanofluid boundary layers over stretching needles, where low Nt/Nb ratios
(0.15-0.35) maximize Nusselt numbers (1.35-1.40) through uniform particle distribution while high Nt/Nb
ratios (0.75-0.95) optimize Sherwood numbers (0.80+) via thermophoretic wall depletion. Radiation shifts
optimal Nt by -0.03 per unit Rd, porous resistance counterintuitively enhances transfer 15-25% through
boundary-layer confinement, and needle geometry provides universal 20% boost (Nuneedie/NUpianar = 1.20).
Power-law correlations (R2 > 0.98) enable rapid design across the five-dimensional parameter space.

Design guidelines specify cooling applications at Nb € [0.4, 0.6], Nt € [0.05, 0.12]; deposition systems
at Nb € [0.1, 0.3], Nt € [0.08, 0.25]; and hybrid systems compromising at Nb ~ 0.38, Nt ~ 0.48.
Methodological contributions include verified similarity reduction, grid convergence to #max = 8.0, and
benchmark validation (<0.3% error).
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Future work should pursue experimental validation via PIV/LDV, multi-objective genetic optimization,
and 3D extensions incorporating needle radius and swirl effects for drilling applications.
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